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Induced velocity gives rise to an important component of the angle of attack experienced by a blade element and,

hence, the rotor loads. Finite-state induced-velocity models can be found in rotorcraft codes that require fast

computation but cannot replicate real flowfield features. However, they do encapsulate in a simple and intuitive way

the impact of real wakes on rotorcraft dynamics and hence are popular in codes that are used to study vehicle flight

mechanics such as stability, control, and handling qualities. Explicit verification of these models is not possible, but

implicit verification is possible if blade flapping is known; and this paper presents results from flight tests of a light

gyroplane fitted with a two-bladed teetering rotor instrumented to measure the rotor flapping behavior. An

appropriate model structure is developed to allow calculation of induced-velocity components from steady-flight

flapping data recorded across the aircraft’s level-flight speed range. Very good agreement is obtained between flight

and theory in respect to the uniform and longitudinal components, correlating well with previous studies. However,

the lateral component is very poorly correlated, and this is attributed to strong nontrapezoidal behavior in the real

wake. Notwithstanding this, it is concluded that the simple finite-state, induced-velocity model is a valid tool for

gyroplane flight mechanics studies and rotorcraft autorotation in general.

Nomenclature

a0 = blade section lift coefficient at the zero angle of attack
a1 = blade section lift-curve slope, rad�1

CT = thrust coefficient
c = blade chord, m
dMflap = elemental blade flap moment about the hinge, Nm
dr = elemental length, m
I� = blade flap moment of inertia about the hinge, kgm2

Laero = rotor aerodynamic rolling moment, Nm
Maero = rotor aerodynamic pitching moment, Nm
R = rotor radius, m
r = radial location of a location on blade from the flap

hinge, m
Taero = rotor aerodynamic thrust, N
UT = component of the blade element relative airflow

tangential to the blade, ms�1

Up = component of the blade element relative airflow
normal to blade, ms�1

V = airspeed, ms�1

vT = total velocity at the rotor disc center, ms�1

vi = induced velocity, ms�1

vi0m = momentum induced velocity, ms�1

vm = mass flow parameter, ms�1

v0 = uniform component of the induced velocity, ms�1

v1c = longitudinal component of induced velocity, ms�1

v1s = lateral component of induced velocity, ms�1

whub = velocity normal to the rotor disc, ms�1

� = blade element angle of attack, rad
� = blade flapping angle, rad
�t = teeter angle, rad
�0 = rotor-coning angle, rad
�1c = rotor disc longitudinal tilt, rad

�1s = rotor disc lateral tilt, rad
� = rotor Lock number
� = blade pitch angle, rad
�tw = blade twist distribution, rad=m
� = air density, kg=m3

� = rotor solidity
� = blade element inflow angle, rad
� = wake skew angle, rad
 = blade azimuth angle, rad
 m = flight-measurement blade azimuth angle, rad
� = rotor speed, rad=s

Introduction

T HE induced-velocity distribution across the rotor disc is an inte-
gral element of a rotorcraft mathematical model because it

constitutes a significant component of blade element angle of attack
and hence loading. Codes are available to calculate the environment
around the entire aircraft, naturally embodying realflowfield features
such as blade–blade and rotor–rotor aerodynamic interactions [1].
However, most engineering models applied to stability, control, and
handling quality studies use finite-state representations that mimic or
emulate real-wake effects, because their computational demands are
so much less than full-flowfield models [2]. Momentum-disc and
actuator-disc theories underpin many of these modeling approaches.
Model fidelity is normally checked by comparison with flight-test
data, but either of these induced-velocity modeling approaches
requires verification by implicit, rather than explicit, means due to the
intrinsic complexity of the inflow distribution. This implicit ap-
proach takes advantage of the intimate relationship between rotor
blade flapping and the induced velocity [3], and the relative easewith
which blade flapping data can be obtained. The objective of this
paper, therefore, is to validate a finite-state induced-velocitymodel, a
novel aspect in reference to operation in autorotation. Blade flapping
data measured during gyroplane flight trials is coupled with an
appropriate model structure, allowing induced-velocity components
to be calculated across the level-flight speed range of the aircraft.

Background

Verification of any inflow model requires an implicit, rather than
explicit, approach, as the instrumentation required to measure and
record induced velocity does not exist. Central to any implicit ap-
proach is the availability of blade flapping data, as inflow and
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flapping are intimately related. Model structures that relate airframe
motion, flapping, and inflow can also be used to extract inflow time
constants from flight-test data [4,5]; hence, a complete picture of
induced-velocity static and dynamic behavior can be obtained. Pre-
vious studies of note include use of lateral flapping data to examine
nonuniform inflow model structures, in which one conclusion was
that at low tip-speed ratios, a more sophisticated wake geometry
calculation is required [6]. The simple three-state inflow model
structure may be inadequate for capturing real flowfield features, but
it remains an appropriatemodel structure tomimicwake contribution
to rotor loads and hence vehicle behavior.

Contemporary interest in the flight mechanics of light gyroplanes
stems fromwork initiated by theU.K. Civil Aviation Authority in the
early 1990s, itself in response to a recommendation from the Air
Accidents InvestigationBranch of theDepartment of Trade that arose
from concern about the fatal accident rate in the UnitedKingdom [7].
The subsequent research program involved mathematical modeling
and wind-tunnel and flight testing, and has been reported widely [8–
11]. An engineeringmodel of vehicle behavior was acknowledged to
be an indispensible tool for understanding aircraft flight mechanics,
and the studies used a generic individual-blade, blade element
formulation that can be configured as any helicopter or gyroplane if
configuration-specific data are known. Verification is an important
exercise to build confidence inmodel fidelity, and considerable effort
has been expended both for gyroplane and helicopter applications of
the model [10,12]. Comparisons with flight have included trim,
stability and control derivatives, and nonlinear response to control
inputs [13].

The finite-state, dynamic-inflowmodel embodied in these simula-
tions has not been the focus of specific verification in its own right as,
in principle, it is applicable to flight in autorotation and has been
validated extensively in development by others [14]. A recent review
of the dynamic-inflowmodel has suggested only aminor revision to a
mass flow term is required for correctness in autorotation, but
simulation indicates that this is inconsequential in practical applica-
tion of the dynamic-inflow model [15]. Nonetheless, verification
using gyroplane flight-test data enhances confidence in the appli-
cability of dynamic inflow for autorotation and is a focused contri-
bution to a sparse literature.

Model Structure for Inflow Calculation

The induced-velocity distribution across the rotor disc is repre-
sented by

vi�r;  � � v0 � v1s�r=R� sin � v1c�r=R� cos (1)

In steady flight, the uniform and harmonic components are obtained
from the dynamic-inflowmodel of Peters andHaQuang [2], but using
Chen’s presentation [16] expressed in terms of wake skew angle; viz
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where

vT �
�����������������������������������������
V2 � �vi0m � whub�2

p
(3)

vm �
V2 � �vi0m � whub��2vi0m � whub�

vT
(4)

tan�� V

vi0m � whub

(5)

Implicit in this description is the use of wind axes, but a simple
transformation is used to obtain body axes quantities if necessary.
Note also that Peters and Haquang [2] present the model in terms of

�, where �� 90 � � and

tan�� jvi0m � whubj
V

(6)

The moment about the flapping hinge of a blade element is given by

dMflap � �1=2���U2
T �U2

p�cr�a0 � a1��dr (7)

where

UT ��r� V sin (8)

Up � vi�r;  � � whub � r _�� V� cos (9)

�� � � � (10)

Modeling blades as rigid and attached to the hub by means of hinges
(and springs if appropriate) is a well-accepted process in rotorcraft
simulation [17]. Johnson [18] describes the mathematical equi-
valence of such a rotorwith an articulated rotor of zero-hinge offset in
terms of tip-path plane tilt; in terms of the coning motion, the blades
have cantilever root restraint. A separate study quantifies the specific
nature of the restraint on this aircraft, further confirming that, in this
case, the modeling approach is valid [19]. In summary then, the
solution obtained for an articulated rotor with zero-hinge offset is
also applicable to teetering rotors [18].

The typical, light, gyroplane, two-bladed, teetering rotor affects
pitch and roll control by tilting the whole rotor hub; hence, no cyclic
pitch is applied. However, some rotors do have a collective pitch
control. In general then, the blade pitch is written

�� �0 � r�tw (11)

and the inflow angle can be approximated by

��Up=UT (12)

Aircraft Instrumentation and Flight Test

The aircraft is shown in Fig. 1 and has been used to support U.K.
Civil Aviation Authority-funded research into light gyroplane
airworthiness. It is typical of this class of recreational aircraft in terms
of rotor configuration and layout. It has a two-bladed, teetering main
rotor without collective or cyclic pitch—pitch, and roll control is
affected by tilting the entire rotor. The range of tilt is 18 deg longi-
tudinally and laterally. The teeter or flapping range is 12 deg. The
pusher propeller is driven through a reduction gearbox by a two-
stroke gasoline engine. The experimental instrumentation fit com-
prises an inertial unit located behind the pilot that measures
accelerations along all three body axes; angular velocities about these
axes; and the roll, pitch, and heading angles. Flight control positions
are measured using rotary potentiometers, and the air data system
parameters are temperature, pressure, airspeed and the angles of
attack and sideslip for which a probe fitted with vanes is attached to
the nose of the aircraft. Rotor and propeller speeds are measured
using Hall-effect sensors. A PC-based digital recording system is
fitted with a selectable sample rate. Previous applications of the
aircraft are given elsewhere [11] and have focussed principally on
stability, control, and handling quality studies that included
parameter estimation, model verification, and ADS-33 mission task
element experiments.

Measurement of rotor teeter angle is by rotary potentiometer, two
being fitted for redundancy. Rotor azimuth position is obtained by
optical reader. Amplifiers are fitted to the rotor head and slip rings are
used to transfer power and data between the fixed and rotating
frames. The instrumentation assembly is shown in Fig. 2. This
installation was designed for an airworthiness flight trial that did not
include tests typical of a model verification exercise, such as multi-
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step or frequency sweep inputs for parameter estimation. However, a
large number of trim test points were recorded, and these data are
suitable for the analysis undertaken here. Figure 3 shows typical
teeter and azimuth measurements. These are combined to give rotor
disc lateral and longitudinal flapping angles as follows:

�1s ���t sin m (13)

�1c ���t cos m (14)

 m is measured from the front of the rotor disc; �t is positive for flap
back in this position.

The three components of induced velocity v0, v1s, and v1c can then
be derived from these disc-tilt angles if Eqs. (8–12) are substituted
into (7); integrated and harmonic balance performed to give
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where

Fig. 1 Montgomerie–Parsons gyroplane.

Fig. 2 Rotor head instrumentation.
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� � �a1cR
4

I�
(18)

In principle, Eqs. (15–17) constitute three algebraic equations in
the three unknowns v0, v1s, and v1c. However, in this application, �0

is not available because the two-bladed teetering rotor used cones by
elastic deformation of the blades. An additional equation is there-
fore required, with coning becoming an unknown to be calculated.
This equation is obtained from Eq. (2) by recognizing that Laero�
Maero � 0; hence,

v1c � �15=32�	 tan��=2�v0 (19)

For the speed range studied, calculations show tan�=2� 1.
However, if required, this can be refined using Eqs. (5) and (6) by
assuming vi0m � whub. Simulation modeling shows this is not
unreasonable across the speed range examined.

Results

Figures 4–7 compare the flight-derived and corresponding
engineering model values of the induced velocity and coning. Con-
siderable scatter is present in some of these data; hence for clarity,
linear trend lines are drawn through each set of points. The scatter is
due to the variability in test conditions coupled with the unsteadiness
of each test point that required averaging over a short period of time
(typically 10 s) to obtain a trim value. The model is trimmed with
actual flight-test data conditions; hence, the corresponding scatter in
these results. The induced-velocity calculations, both flight and
model, are presented in terms of body rather thanwind axes.Data and
calculation scatter provoke consideration of accuracy and error in
these results. Note that fitting tools such as regression readily em-
brace consideration of error, and confidence bounds on the estimated

parameter values can be calculated easily. However, in this appli-
cation, the nature of the estimation, being an algebraic solution of
three simultaneous equations in three unknowns, means that corre-
sponding error bounds are nonpertinent. A more heuristic consid-
eration of potential error sources is instructive, particularly because
the statistical properties of any error are not known. Typical error
sources are measurement and process; the former are minimized by
careful calibration of sensors and the latter by use of an appropriate
model structure that captures the essential behavior of the system.
Use of what are trim equations for a dynamic process could give rise
to process errors, but this is mitigated by choosing only slowly
varying events in which the maximum change in, for example,
airspeed is no more than�1 m=s. A sensitivity analysis of the effect
of such a perturbation on the results is shown as error bounds on the
calculated coning angle. The induced-velocity components vary by
less than 1% (too small to show graphically) and, in effect, are
insensitive to such variation in airspeed. The scatter in flight-derived
variables then is indicative of the sensitivity of the results to random
process errors. Coning, uniform, and longitudinal inflow coefficients
display some variability in this respect, indicating robustness in the
accuracy of these results. However, it is instructive to note the
wide scatter in derived v1s, consistent with an inappropriate model
structure.

Figure 4 shows the uniform induced-velocity comparison. Gene-
rally, the flight and theory results agree to within 0:5 ms�1, the dis-
crepancy reducing with increased airspeed. This trend is consistent
with interaction between propeller slipstream and main rotor for two
reasons: 1) the configuration of the aircraft with its close-coupled
rotor/propeller arrangement (Fig. 1) lends itself to such interaction;
and 2) the variation of the propeller-induced velocity with airspeed,
which simulation shows is approximately 10 ms�1 at low speed,
decreases to 5 ms�1 at high speed. However, airframe interaction
may also have a role to play. Elsewhere, significant discrepancy
between wind-tunnel measurements and theoretical calculation of v0

Fig. 3 Measured rotor azimuth and teeter angles.

1572 HOUSTONAND THOMSON



is attributed to equipment blockage effect [20], and the gyroplane
fuselage may be acting in a similar manner that contributes to the
result seen in Fig. 4. Figure 5 shows the longitudinal variation in the
nonuniform component. Excellent agreement is obtained if the mod-
ulus of the mass flow term is retained in the skew angle expression
shown in Eq. (6); whereas, a much poorer comparison is evident
otherwise, although it does improve quickly with increased airspeed.
The lateral component shows very considerable amounts of scatter
and no correlation between flight and theory (Fig. 6). Theory
indicates that, at best, there should be negligible (depending on the
amount of sideslip) or zero lateral variation in the induced velocity.
The values extracted fromflight are, however, generally significant at
about �1 ms�1. Coning (Fig. 7) shows good correlation to within
0.5 deg across the speed range between values calculated from flight
and theory. The most plausible explanation for the dissimilar trend
with airspeed is elastic torsion of the blades. An audit of the relative
magnitudes of the terms in Eq. (15) indicates that twist can contribute
significantly to coning even for small values (of the order of only

0:25 deg =m). Therefore, unmodeled twisting, such as that from
torsion, is likely tomodify the coning of the rotor. Inclusion of elastic
twist is a significant undertaking in models for rotorcraft flight
mechanics and, as explained previously, rigid blade models are the
norm. Accordingly in broad terms, the coning results are considered
a verification of the approach to modeling teetering rotors [18].

Themismatch in the lateral induced-velocity component is worthy
of further study. Figure 8 shows the lateral distribution of induced
velocity when the flight mechanics model is coupled with a flowfield
code designed specifically tomodel real-wake features [1]. Outboard
of the 3 m station, there is symmetry between both sides of the disc,
and these features are consistent with the rolled-up vortices trailed by
the rotor that are familiar in appearance to the tip vortices trailed by an
aeroplane wing. However, inboard of these stations, the distribution
is asymmetric, and this is attributed to the influence of the propeller
imposing an upwash component on one side of the main rotor and
downwash on the other. If present in the flight-test data, the impact of
these features on the longitudinal flapping will be mimicked by an

Fig. 4 Comparison of flight and model uniform induced-velocity components.
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Fig. 5 Comparison of flight and model longitudinal induced-velocity components.
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unrealistic value of v1s, as it is impossible for the finite-state induced-
velocity model to capture this distribution. This hypothesis is tested
by comparing the longitudinal flapping angle calculated by the
simulation model with three lateral induced-velocity distributions
imposed: v1s � 0 ms�1 (as calculated by the dynamic-inflow
model); v1s ��1 ms�1 (as derived from the flight-test data); and the
distribution shown in Fig. 8. Figure 9 shows that the latter two
distributions produce almost identical longitudinal flapping angles
across the speed range, suggesting that v1s ��1 ms�1 serves to
mimic the full wake calculation.

Discussion

The simple model structure is effective in capturing the intimate
relationship between flapping and inflow. Extraction of consistent
and physically appropriate values of induced velocity, in the context
of the approximation required to maintain a simple linear algebraic

relationship, is testimony to the robustness of this relationship. This
simplicity extends to the verification that is algebraic in nature due to
the test points being trimmed flight. A more general verification of
the intrinsic time-dependent nature of the model, using sophisticated
parameter estimation numerical methods, relies on time-varying data
from motions excited using specialized test inputs. It is recognized
that this loss of generality is a limitation of the analysis here, but the
results are still of relevance given the absence in the literature of
verification in autorotation.

The objective was to validate the induced-velocity model for light
gyroplane applications. Given the relatively lowmass of this class of
aircraft, it may be thought that the results lack more general appli-
cability. However, comparison with a typical medium helicopter is
instructive. For example, the gyroplane was operated at CT=��
0:076, and the Puma helicopter normally operates at CT=� � 0:062
in autorotation. The gyroplane tip-speed ratio is between 0.09 and
0.21; the Puma best-range autorotation airspeed is typical of most
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helicopters and is about 0.15. These verification results therefore,
may be of wider applicability to autorotating rotorcraft in general.

The close-coupled pusher propeller design is known to demon-
strate interactional aerodynamic phenomena. For example, in light
gyroplane flying training, one effect of control that is demonstrated is
the impact of propeller slipstream on main rotor speed. Such
unmodeled interaction specific to the gyroplane layout appears to
influence the induced-velocity results presented here in two ways.
The first and most significant influence shows in the lateral
component, in which correlation with flight is poor. Thewake model
results, however, do tend to suggest that the lateral induced-velocity
distribution is dominated by the rolled-up trailed tip vortices and
interaction with the propeller slipstream. The second and much less
pronounced influence is in the uniform component at low speed, in
which the propeller slipstream velocity is at its greatest. It is surmised
then that the gyroplane’s layout primarily renders the results
configuration-specific in terms of the lateral induced-velocity distri-
bution, with a secondary and much smaller effect on the uniform
induced-velocity component at low flight speed.

Finally, the results tend to suggest that thewake skew angle should
be represented with themodulus of themass flow, consistent with the
original Peters and Haquang formulation [2] in terms of disc angle of

attack. Chen’s review paper [16] presents skew angle without the
modulus sign on the mass flow term and without comment.
Geometrically, it is more appealing in that autorotations in which the
wake cylinder skews above the rotor disc are modeled with angles
greater than 90 deg. However, in terms ofmodel fidelity, these results
suggest that this appears to offer less accuracy.

Conclusions

Finite-state induced-velocity components can be extracted from
rotor blade flapping data measured in flight. The Peters and Haquang
dynamic-inflow model [2] generally offers good fidelity in
replicating the uniform and longitudinal components of induced
velocity across the rotor disc at typical rotorcraft thrust coefficients
and airspeeds in autorotation. However, themodel fails to capture the
lateral variation that appears to be distorted significantly by unmod-
eled interactional aerodynamic phenomena unique to the pusher
propeller aircraft configuration. These phenomena may also be
responsible for a small discrepancy in the uniform component of
inflow at very low airspeed. It is therefore concluded that further
efforts may be needed to reach generalized validation of dynamic-
inflow models for autorotation.
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